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Abstract

We consider the problem of unsupervised domain adaptation when
multiple labeled source domains are available, but the target domain is
an unknown mixture of these sources. A seminal theoretical framework
by [25] shows the existence of a universal distribution-weighted ensem-
ble that competes with the best source-specific model on any such target
mixture. Subsequent work [37, 5] proposed practical algorithms based on
difference-of-convex (DC) programming, which, however, does not guar-
antee global optimality. We propose an algorithmic solution to the same
multiple-source domain adaptation problem, which is based on Hedge [1]
and has global convergence guarantee. We also conducted experiments on
standard image and text benchmarks to evaluate our method against DC
programming and other baselines.

1 Introduction

Domain adaptation (often discussed alongside transfer learning) [28] addresses
the challenge of learning under a distribution shift between training and testing
data. In the unsupervised domain adaptation setting, a learner is provided with
a labeled source dataset and an unlabeled target dataset, with the objective of
achieving strong predictive performance on the target domain.

When multiple source domains are available alongside access to the target
distribution (or a sample thereof), the multiple-source domain adaptation prob-
lem can often be reduced to a single-source setting by simply pooling the sources.
However, this reduction may overlook structural relationships between domains
that could be leveraged through careful causal or distributional analysis [36]. In
contrast, the multiple-source domain adaptation framework introduced by [25]
offers a distinct advantage: it enables test-time adaptation [32, 33, 10] with the-
oretical guarantees, without requiring model re-training. This paradigm shares
strong conceptual ties with domain generalization [34, 41, 3, 27], which similarly
aims to achieve robust performance on unseen target distributions.

Under the framework of [25], the learner is given access to k pre-trained mod-
els, each optimized on a distinct source domain. The objective is to combine
these models into a single ensemble that generalizes well to any target distribu-
tion formed as an unknown mixture of the sources. The authors theoretically
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established the existence of a universal, distribution-weighted ensemble whose
error on any target mixture is bounded by the error of the best source-specific
model evaluated on its respective domain.

The first algorithmic realization of this universal classifier was proposed by
[37], who formulated the ensemble weighting problem as a difference-of-convex
(DC) program. Although effective, DC optimization generally does not guaran-
tee convergence to a global optimum. In this work, we propose an alternative
approach: we frame the problem as an online learning game and solve it using
the Hedge algorithm [22, 8, 1]. Our method is conceptually straightforward,
easy to implement, and comes with global convergence guarantees. We provide
a rigorous theoretical analysis demonstrating that the Hedge-based ensemble
converges to the optimal solution, and we empirically validate its effectiveness
on standard digit and text classification benchmarks.

2 Preliminaries

Problem setup We assume there are k labeled source domains Di, i ∈ [k].

The target distribution is defined as Dλ(x) =
∑k

i=1 λiDi(x) for any λ in the
probability simplex ∆k. We have access to models hi, i ∈ [k], each of which is
already well-trained on its respective source domain. Concretely, for each i, the
expected loss of hi on Di is bounded by ϵ:

LDi(hi) := Ex∼Di ℓ(hi(x), f(x)) ≤ ϵ.

We assume the labeling function f is the same across domains, so the only
distribution shift is in the marginal over x (covariate shift). The goal is to
predict well on samples drawn from an unknown mixture Dλ for any λ ∈ ∆k.

Similar assumptions also emerged in relevant fields; in distributional robust
optimization, mixture-domain assumption was utilized to develop an optimiza-
tion procedure that can handle latent distribution variation in robust learning
[7]. In federated learning, client-side local data can have different distribution
than the global data distribution, which can be effectively viewed as a mixture
of client data [35, 21, 18, 26].

Distribution-weighted adaptation is a simple principle to achieve domain
adaptation. It was introduced to single-source domain adaptation problems by
[30, 29, 16]. The idea is to shift the source distribution Ds towards the target
distribution Dt in the training objective [31]:

Ex∼Dt
ℓ(h(x), y) = Ex∼Ds

Dt(x)

Ds(x)
ℓ(h(x), y) (1)

where ED ℓ(h(x), y) is the expected loss of predictor h on samples (x, y) from
a domain D. When there is no labeling-distribution shift conditional on x, the
unlabeled data in both the source and target domains can be used to estimate

the density ratio, Dt(x)
Ds(x)

, which re-weighs loss point-wise.
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In [25], the authors extended the idea of distribution-weighted adaptation
to leverage multi-source dataset. A key result of [25] is the proof of existence of
a distribution-weighted ensemble predictor of the form

hz(x) =

k∑
i=1

ziDi(x)∑k
j=1 zjDj(x)

hi(x), (2)

Given that each hi is a model trained from source i, the authors proved the
existence of a parameter z so that hz has error competitive to the worst in-
domain model in the ensemble on any target mixture.

3 Related works

Transfer learning. Principled approaches include density-ratio reweighting
[29, 30, 31] and feature alignment based on kernel mean matching [11, 16]. The
latter is grounded in the theory of [2] and has been realized via domain-adversarial
training [9, 15], deep adaptation networks [24], and generative models [42].

Multiple-source adaptation. Most practical methods assumed the avail-
ability of unlabeled target domain data and extended feature alignment meth-
ods to multiple sources, treating them as additional distribution-shifted train-
ing data (see the survey [39]). Most of them are specifically tailored to image
data, whose data generating mechanism can be similarly modeled. Theoreti-
cally grounded works include [25, 38, 37, 5]. Our work is most closely related
to the latter two, as we also focus on the distribution-weighted ensemble but
propose a globally convergent alternative to DC programming.

Learning by playing games. Online learning algorithms are known to be
connected to minimax optimization and games [4]. To find z in Eq. (2) we
use Hedge, a multiplicative update algorithm, which has been applied to solve
problems in theoretical computer science [14, 1]. Recently, similar ideas have
been applied to learning in games [13], but our algorithm was developed inde-
pendently.

3.1 Technical priors and our contributions

The authors of [25] showed the existence of z that guarantees

min
z

max
λ

Ex∼Dλ
ℓ(hz(x), y) ≤ ϵ

provided each base learner in the ensemble has at most ϵ-error. By reformulating
the minimax optimization problem as a DC (Difference of Convex) objective, the
first work that algorithmically realized hz was [37]. However, DC programming
does not guaranty to find hz that satisfies the above error bound. Several
practical variants of domain-weighted ensembling methods were proposed for
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multiple-source adaptation, which also took advantage of the available unlabeled
target data [40, 12, 19]. Our main contribution is theoretical: by applying Hedge
algorithm, we find hz that achieves the minimax error guarantee.

Domain modeling As part of the construction of hz, we need to estimate
the domain densities Di(x). A particularly effective approach to model domain
densities is by learning a domain classifier [5, 38, 9, 2]. For adversarial multiple-
source adaptation, [38] adopted k binary classifiers to model the probability of
data generated by k source domains. In [5], it was shown that the modeling
of Di(x) can be replaced by modeling of D(i|x), using a multi-class classifier
(MaxEnt classifier), without affecting the performance of hz. In this work, we
adopted the approach of [5] but modeled D(i|x) using a softmax classifier for
i ∈ [k], whose backbone has the same architecture as that of the base model
hi’s.

4 Hedge for Domain-Adversarial Boosting

We now show how to apply the Hedge algorithm [1] to the multiple-source adap-
tation problem. Our algorithm, which we call dab-Hedge (Domain-Adversarial
Boosting with Hedge), is presented as Algorithm 1.

Algorithm 1: dab-Hedge

Input: Trained classifiers h1, . . . , hk; learning rate β; estimated loss
upper bound ρ; total rounds T

Output: Ensemble 1
T

∑T
t=1 hλt

1 Initialize weight vector w1 ∈ Rk with w1(i) = 1 for all i
2 for t← 1 to T do

3 Compute normalization Zt ←
∑k

j=1 wt(j)

4 for i← 1 to k do
5 λt(i)← wt(i)/Zt

6 end

7 Form ensemble classifier hλt
(x) =

∑k
i=1

λt(i)Di(x)∑
j λt(j)Dj(x)

hi(x)

8 for i← 1 to k do
9 ℓt(i)← Ex∼Di [ℓ(hλt(x), f(x))]

10 wt+1(i)← wt(i) · exp
(
β ℓt(i)

ρ

)
11 end

12 end

We make two standard assumptions.

Assumption 1 (Bounded loss): The per-domain expected losses are bounded
in [0, ρ], i.e., maxi,z Ex∼Di

ℓ(hz(x), f(x)) ≤ ρ.
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Assumption 2 (Convex loss): The loss function ℓ is convex in its first
argument.

These assumptions are mild. Assumption 1 can be satisfied by taking ρ =
kmaxi,j EDi

ℓ(hj(x), f(x)). Moreover, in practice it can be estimated from ob-
served loss sequence maxi,t ℓt(i). Assumption 2 holds for many common losses
(cross-entropy, squared error, hinge loss) but excludes the 0-1 loss.

Theorem 4.1. Suppose Assumptions 1 and 2 hold. Running Algorithm 1 with

T ≥ 4ρ2 ln k
δ2 and β =

√
log k
T ≤ 1

2 yields the following guarantee: for any λ and

Dλ,

Ex∼Dλ

[
ℓ

(
1

T

T∑
t=1

hλt
(x), f(x)

)]
≤ ϵ+ δ.

Proof. In [25], the goal of finding a good ensemble predictor is formulated as a
game between Nature and Learner. Since the hypothesis space of all possible
ensemble classifiers is infinite, to apply Hedge, we switch the role of learner and
nature. The learner wants to find a distribution λ over domains that maximizes
the loss of an ensemble produced by nature. The nature instead wants to mini-
mize the loss by forming a good ensemble classifier upon observing λ. Unlike the
worst-case scenario, here nature has a fixed strategy: upon observing learner’s
distribution weighting parameter λ, it always produces the λ-parametrized en-
semble hλ (see Eq (2)), guaranteed to have small loss by previous analysis
(Theorem 2 of [25]).

We now set up the domain adversarial boosting problem under the online
learning framework. For any h, define a k-dimensional loss vector ℓh with each
entry representing loss of h on domain Di:

ℓh(i) := EDi
ℓ(h(x), f(x)) = LDi

(h), ∀i ∈ [k]

Then we can rewrite LDλ
(h), loss of h over a λ-mixture of sources, as below:

LDλ
(h) =

∑
i

λi EDi
ℓ(h(x), f(x)) = ⟨ℓh, λ⟩

In a multiple-round game between nature and learner, the loss of nature at the
t-th round of the game is always bounded, since

⟨ℓht
, λt⟩ =

∑
i

λt(i)ℓht
(i) =

∑
i

λt(i)LDi
(ht) = LDλt

(ht)

When we set

ht := hλt
, i.e., the λt-ensemble defined according to Eq (2)

By Theorem 2 of [25], we get

⟨ℓht
, λt⟩ = LDλt

(hλt
) ≤ ϵ
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Next, we define R(T ) as the difference below:

R(T ) := max
λ

1

T

T∑
t=1

⟨ℓht
, λ⟩ − 1

T

T∑
t=1

⟨ℓht
, λt⟩

If we can prove R(T ) → 0 as T → ∞, then the ensemble h̄ := 1
T

∑T
t=1 hλt

has
the following guarantee: For any λ,

⟨ℓh̄, λ⟩ ≤
1

T

T∑
t=1

⟨ℓht , λ⟩ (convexity of loss)

≤ max
λ

1

T

T∑
t=1

⟨ℓht
, λ⟩ ≤ 1

T

T∑
t=1

⟨ℓht
, λt⟩+R(T )

≤ ϵ+R(T )→ ϵ as T →∞

Treating ℓht as gains, we may adapt Hedge to losses
−ℓht

ρ as in [20] and prove

convergence of R(T ). The Hedge algorithm, its original and extended analysis,
and a complementary proof (Proposition B.2) can be found in the Appendix.

4.1 Fixed-Point Iteration versus Hedge

We note that the Hedge update resembles the fixed-point mapping proposed for
theoretical analysis in [25]. That mapping is ϕ : ∆k → ∆k with

ϕ(z)i =
ziLDi

(hz) + η/k∑
j zjLDj

(hz) + η/k
.

While this mapping could be used as an iterative update, its convergence prop-
erties have not been explored. In contrast, the Hedge update in Algorithm 1 is
a softmax variant that enjoys provable global convergence.

4.2 When Is Hedge Unnecessary?

In some practical cases, the uniform weighting z = ( 1k , . . . ,
1
k ) already performs

well. We provide a theoretical justification: when the source domains have
disjoint supports, the uniform ensemble achieves the same ϵ error bound as the
optimal mixture.

Proposition 4.2 (ϵ upper bound for hu on disjoint sources). Suppose Di, i ∈
[k], satisfy Supp(Di) ∩ Supp(Dj) = ∅ for all i ̸= j. Then for any λ ∈ ∆k,

LDλ
(hu) ≤ ϵ.

Proof. For any x, there is a unique domain i such that Di(x) > 0 and Dj(x) = 0
for j ̸= i. Hence hu(x) = hi(x). Consequently, LDj

(hu) = EDj
ℓ(hj(x), f(x)) ≤

ϵ for every j, and the same holds for any mixture.
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5 Experiments

We evaluate our Hedge-based ensemble on two standard benchmarks: a digit
dataset (four domains: SVHN, MNIST, USPS, MNIST-M) and the Amazon
review dataset (four domains: Books, DVD, Electronics, Kitchen). For digits,
we use a CNN architecture similar to [38]. For Amazon reviews, we use BERT
[6] as the base model. We compare against simple averaging of base model
outputs, hz with a random z, hz with z being equally weighted (uniform z-ens),
hz found by DC programming, and hz found by Hedge (hedge z-ens using the
last iterate, and hedge agg-z-ens using the average of iterates).

5.1 Digits Dataset

We first train a source-specific model on each domain. Table 1 reports the
accuracy and cross-entropy loss of these models on each test domain. Then we
evaluate the ensemble methods on four random mixtures and four adversarial
mixtures (obtained from the Hedge iterates). Table 2 summarizes the results.
Our Hedge-based ensembles consistently achieve the highest accuracy and lowest
loss, outperforming DC programming and all baselines.

Table 1: Accuracy and cross-entropy loss of domain-specific models on each test
domain (digits). Each cell shows accuracy (loss).

Model \ Dataset svhn mnist usps mnistm

svhn 0.9435 (0.286) 0.7363 (1.287) 0.7464 (1.449) 0.5083 (2.694)
mnist 0.4285 (6.810) 0.9947 (0.022) 0.8685 (1.118) 0.6049 (4.307)
usps 0.3498 (7.760) 0.6185 (2.684) 0.9671 (0.275) 0.2653 (8.429)
mnistm 0.5700 (3.180) 0.9817 (0.081) 0.6562 (2.460) 0.9330 (0.297)

5.2 Amazon Review Dataset

We use the same four domains as [25]. Each domain has 2000 labeled samples;
we randomly select 20% for testing and use the rest for training and validation.
BERT is fine-tuned on each source domain. Table 3 shows the performance of
the source-specific BERT models. Table 4 compares our Hedge ensembles with
the UDALMmodel [17], which is a strong single-source adaptation baseline. Our
method achieves competitive or superior results, even without using unlabeled
target data during meta-training.
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Table 2: Test error (accuracy and cross-entropy loss) for different methods on
digits mixtures.

Model \ Type
Mixture over sources

Mixture 1 Mixture 2 Mixture 3 Mixture 4

svhn
random 0.7446 (0.0899) 0.7474 (0.0828) 0.7544 (0.0838) 0.7279 (0.0884)
adversarial 0.7554 (0.0834) 0.7801 (0.0751) 0.7953 (0.0697) 0.8197 (0.0609)

mnist
random 0.8361 (0.0969) 0.6964 (0.2174) 0.8277 (0.1084) 0.8203 (0.1242)
adversarial 0.5762 (0.3031) 0.5077 (0.3591) 0.4888 (0.3708) 0.4748 (0.3843)

usps
random 0.8683 (0.0828) 0.4768 (0.3473) 0.8176 (0.1127) 0.5712 (0.2566)
adversarial 0.3959 (0.4324) 0.3368 (0.4867) 0.3286 (0.4936) 0.3250 (0.4962)

mnistm
random 0.6866 (0.1392) 0.7989 (0.0885) 0.7018 (0.1310) 0.8606 (0.0594)
adversarial 0.7402 (0.1134) 0.7087 (0.1292) 0.6942 (0.1375) 0.6746 (0.1477)

simple ens
random 0.9002 (0.3636) 0.8551 (0.5490) 0.9001 (0.3725) 0.9088 (0.4151)
adversarial 0.8064 (0.6835) 0.7770 (0.7604) 0.7700 (0.7674) 0.7639 (0.7794)

random z-ens
random 0.9631 (0.2541) 0.9437 (0.2679) 0.9640 (0.2414) 0.9656 (0.1736)
adversarial 0.9307 (0.3333) 0.9167 (0.3928) 0.9178 (0.3848) 0.9217 (0.3714)

uniform z-ens
random 0.9632 (0.2552) 0.9457 (0.2570) 0.9642 (0.2408) 0.9648 (0.1768)
adversarial 0.9298 (0.3347) 0.9196 (0.3760) 0.9186 (0.3806) 0.9183 (0.3885)

dc z-ens
random 0.9643 (0.2470) 0.9513 (0.2348) 0.9659 (0.2314) 0.9672 (0.1650)
adversarial 0.9372 (0.3022) 0.9288 (0.3385) 0.9278 (0.3412) 0.9287 (0.3471)

hedge z-ens
random 0.9651 (0.2435) 0.9553 (0.2182) 0.9669 (0.2279) 0.9699 (0.1534)
adversarial 0.9430 (0.2780) 0.9352 (0.3131) 0.9343 (0.3168) 0.9340 (0.3241)

hedge agg-z-ens
random 0.9645 (0.2468) 0.9525 (0.2267) 0.9661 (0.2313) 0.9679 (0.1588)
adversarial 0.9389 (0.2906) 0.9303 (0.3264) 0.9293 (0.3301) 0.9297 (0.3376)

Table 3: Accuracy and cross-entropy loss of BERT models on Amazon test
domains. Each cell shows accuracy (loss).

Model \ Domain books dvd electronics kitchen

books 0.9525 (0.1178) 0.9025 (0.2749) 0.8875 (0.3231) 0.8750 (0.3196)
dvd 0.9275 (0.2026) 0.9525 (0.1617) 0.9275 (0.2306) 0.8900 (0.2944)
electronics 0.8975 (0.3289) 0.8700 (0.4428) 0.9650 (0.0802) 0.9050 (0.2664)
kitchen 0.9150 (0.2286) 0.8750 (0.3097) 0.9350 (0.1812) 0.9525 (0.1438)

Table 4: Test accuracy (and cross-entropy loss) on Amazon OOD evaluation.

Method → books → dvd → electronics → kitchen

UDALM-worst [17] 90.29 89.54 91.69 93.21
UDALM-best [17] 91.00 90.97 94.34 94.43
simple ens 0.9175 (0.2027) 0.8950 (0.2801) 0.9150 (0.1940) 0.9100 (0.2238)
dc z-ens 0.9300 (0.1917) 0.9000 (0.2736) 0.9375 (0.1785) 0.9050 (0.2415)
hedge z-ens 0.9275 (0.1977) 0.9000 (0.2755) 0.9375 (0.1729) 0.9075 (0.2415)
hedge agg-z-ens 0.9275 (0.1971) 0.9000 (0.2746) 0.9375 (0.1729) 0.9075 (0.2448)
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A Hedge regret bound for nonnegative loss se-
quences

In this section, we provide background of the Hedge algorithm [1], as described
in Algorithm 2.

Algorithm 2: Hedge Algorithm (Multiplicative Weights)

Input: Learning rate ϵ > 0
Number of experts n
Time horizon T
Output: Sequence of actions {it}Tt=1

1 Initialize weight vector W1 ← (1, 1, . . . , 1) ∈ Rn

2 Set probability distribution x1 ← 1
nW1 // Uniform initialization

3 for t← 1 to T do
4 Choose action it with probability P(it = i) = xt(i)
5 Observe loss vector gt = (gt(1), . . . , gt(n))
6 Update weights: Wt+1 ←Wt ⊙ exp (−ϵgt) // Element-wise

multiplication

7 Normalize distribution: xt+1 ← Wt+1

∥Wt+1∥1
// ∥ · ∥1 is L1-norm

8 end

We first review the analysis of regret bounds for the Hedge algorithm when
the losses are nonnegative, based on lecture note [23].

Lemma A.1 (18.1). Let g2
t denote the n-dimensional vector of pointwise square

losses (i.e., g2
t (i) = (gt(i))

2), let ϵ > 0, and assume all losses gt(i) are non-
negative. The Hedge Algorithm satisfies for every expert i∗:

T∑
t=1

(xt · gt) ≤
T∑

t=1

gt(i
∗) + ϵ

T∑
t=1

(xt · g2
t ) +

log n

ϵ
(18.1)

Proof. Define Φt =
∑n

i=1 Wt(i) as the total weight at the beginning of round
t, with Φ1 = n (uniform initialization). The weight update rule is:

Wt+1(i) = Wt(i) exp(−ϵgt(i))

The total weight at the beginning of round t+ 1 is:

Φt+1 =

n∑
i=1

Wt+1(i)

=

n∑
i=1

Wt(i) exp(−ϵgt(i))

= Φt

n∑
i=1

Wt(i)

Φt︸ ︷︷ ︸
xt(i)

exp(−ϵgt(i))

= Φt(xt · exp(−ϵgt))
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Using e−x ≤ 1− x+ x2 for x ≥ 0:

Φt+1 ≤ Φt

n∑
i=1

xt(i)(1− ϵgt(i) + ϵ2gt(i)
2)

= Φt

(
1− ϵ(xt · gt) + ϵ2(xt · g2

t )
)

≤ Φt exp
(
−ϵ(xt · gt) + ϵ2(xt · g2

t )
)

Unfolding this recursion from t = 1 to t = T :

ΦT+1 ≤ n exp

(
−ϵ

T∑
t=1

(xt · gt) + ϵ2
T∑

t=1

(xt · g2
t )

)

For expert i∗:

WT+1(i
∗) = W1(i

∗) exp

(
−ϵ

T∑
t=1

gt(i
∗)

)
= exp

(
−ϵ

T∑
t=1

gt(i
∗)

)

since W1(i
∗) = 1. The key inequality holds because:

WT+1(i
∗) ≤

n∑
i=1

WT+1(i) = ΦT+1

as the weight of a single expert cannot exceed the total weight. Thus:

exp

(
−ϵ

T∑
t=1

gt(i
∗)

)
≤ n exp

(
−ϵ

T∑
t=1

(xt · gt) + ϵ2
T∑

t=1

(xt · g2
t )

)

Taking logs and rearranging proves the lemma.

Theorem A.2 (18.2). Apply the Hedge algorithm to the Online Expert problem

with ϵ =
√

logn
T . Then the regret satisfies:

RegretT = O
(√

T logn
)

Proof. Assuming losses gt(i) ∈ [0, 1], we have gt(i)
2 ≤ gt(i) ≤ 1, so:

xt · g2
t ≤ xt · 1 = 1

Applying Lemma 18.1:

T∑
t=1

(xt · gt) ≤
T∑

t=1

gt(i
∗) + ϵT +

log n

ϵ

RegretT (i
∗) ≤ ϵT +

log n

ϵ
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Substituting ϵ =
√

logn
T :

RegretT (i
∗) ≤

√
log n

T
· T +

log n√
logn
T

=
√

T log n+
√
T log n

= 2
√

T logn

Since this holds for all i∗, we get RegretT = O(
√
T logn).

B Hedge regret bounds for symmetric loss se-
quences [20]

The lecture note of [20] extended the analysis of Hedge to the cases when the
losses are symmetric around zero and bounded between [−1, 1].

Theorem B.1 (see Theorem 14.7, [20]). Consider any fixed ϵ ∈ (0, 1
2 ]. For

any sequences of loss vectors [−1, 1]n and all indices i ∈ n, the Hedge algorithm
guarantees:

T∑
t=1

⟨pt, ℓt⟩ ≤
T∑

t=1

ℓti + ϵT +
lnn

ϵ

Proof. As in previous proofs, let Φt =
∑

j w
t
j and so Φ1 = n, and

Φt+1 =
∑
i

wt+1
i =

∑
i

wt
ie

−ϵℓti

≤
∑
i

wt
i(1− ϵℓti + ϵ2(ℓti)

2) (ex ≤ 1 + x+ x2 ∀x ∈ [−1, 1])

≤
∑
i

wt
i(1 + ϵ2)− ϵ

∑
i

wt
iℓ

t
i (since |ℓti| ≤ 1)

= (1 + ϵ2)Φt − ϵΦt⟨pt, ℓt⟩ (since wt
i = ptiΦ

t)

= Φt(1 + ϵ2 − ϵ⟨pt, ℓt⟩)
≤ Φteϵ

2−ϵ⟨pt,ℓt⟩ (using 1 + x ≤ ex)

Comparing to the final weight of the i-th coordinate,

wT+1
i = e−ϵ

∑
t ℓ

t
i ≤ ΦT+1 = Φ1eϵ

2T−ϵ
∑

t⟨p
t,ℓti⟩

Taking logs and divide by ϵ proves the theorem.

This implies again when choosing learning rate ϵ in Algorithm 2 to be ϵ =√
lnn
T , the average regret is upper bounded by 2

√
lnn
T . The lecture note in [20]

also introduces some useful corollaries.
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Corollary B.1.1 (Corolloary 14.8 [20]). For T ≥ 4 logn
ϵ2 , the average loss of the

Hedge algorithm is

1

T

∑
t

⟨pt, ℓt⟩ ≤ min
i

1

T

∑
t

ℓti + ϵ = min
p∈∆n

1

T

∑
t

⟨p, ℓt⟩+ ϵ

Below is a corollary for the application of symmetric Hedge to maximize

gains gt ∈ [−ρ, ρ]. Applying the corollary above with losses ℓt = −gt

ρ yields a
corollary below.

Corollary B.1.2 (Corollary 14.9 [20], Average Gain). Let ρ ≥ 1 and ε ∈
(0, 1/2). For any sequence of gain vectors g1, . . . , gT ∈ [−ρ, ρ]n with

T ≥ 4ρ2 lnn

ε2
,

the gains version of the Hedge algorithm produces probability vectors pt ∈ ∆n

such that

1

T

T∑
t=1

⟨gt, pt⟩ ≥ max
i∈[n]

1

T

T∑
t=1

⟨gt, ei⟩ − ε.

To complement the proof of Theorem 4.1, we state and prove the following
result.

Proposition B.2. Let ρ ≥ 1. For any sequence of gain vectors g1, . . . , gT ∈
[−ρ, ρ]k with

T ≥ 4ρ2 ln k

δ2

Choose β =
√

ln k
T . The gains version of the Hedge algorithm produces probabil-

ity vectors pt ∈ ∆k such that

1

T

T∑
t=1

⟨gt, pt⟩ ≥ max
p∈∆k

1

T

T∑
t=1

⟨gt, p⟩ − δ

Proof. By Theorem B.1, for ℓt ∈ [−1, 1]k and for all i ∈ [k],

T∑
t=1

−ℓti −
T∑

t=1

⟨pt,−ℓt⟩ ≤ βT +
ln k

β

Substitute ℓt with − gt
ρ , we get

∑
t

gti
ρ
−

T∑
t=1

⟨pt, g
t

ρ
⟩ ≤ βT +

ln k

β
= 2
√
T ln k

And ∀i ∈ [k]

1

T

T∑
t=1

gti −
1

T

T∑
t=1

⟨pt, gt⟩ ≤ 2ρ

√
ln k

T
≤ 2ρ

δ

2ρ
= δ

Since maxp∈∆k

1
T

∑T
t=1⟨gt, p⟩ = maxi

1
T

∑T
t=1 g

t
i , the proof is finished.
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